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Abstract

To investigate the behaviour of inter-particle collision and its effects on particle dispersion, direct numerical simulation of a three-
dimensional two-phase turbulent jet was conducted. The finite volume method and the fractional-step projection algorithm were used
to solve the governing equations of the gas phase fluid and the Lagrangian method was applied to trace the particles. The deterministic
hard-sphere model was used to describe the inter-particle collision. In order to allow an analysis of inter-particle collisions independent of
the effect of particles on the flow, two-way coupling was neglected. The inter-particle collision occurs frequently in the local regions with
higher particle concentration of the flow field. Under the influence of the local accumulation and the turbulent transport effects, the var-
iation of the average inter-particle collision number with the Stokes number takes on a complex non-linear relationship. The particle
distribution is more uniform as a result of inter-particle collisions, and the lateral and the spanwise dispersion of the particles considering
inter-particle collision also increase. Furthermore, for the case of particles with the Rosin–Rammler distribution (the medial particle size
is set d50 = 36.7 lm), the collision number is significantly larger than that of the particles at the Stokes number of 10, and their effects on
calculated results are also more significant.
� 2008 Elsevier Ltd. All rights reserved.
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1. Introduction

Due to its particular flow characteristics, turbulent plane
jet has attracted extensive attention for a long time. The
fundamental study on it is helpful to the overall under-
standing of the turbulent flow dynamics. The particle-laden
turbulent jet is also of practical interest because of its pres-
ence in a broad range of engineering applications such as
combustion, aerosol reaction, jet propulsion and air pollu-
tion control. In these processes, the inter-particle collision,
which is one of the most interesting problems in two-phase
flows, plays an important role for improving the design of
engineering systems and control the particle transport.
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There have been many experimental and numerical stud-
ies of gas–solid two-phase turbulent jet flows over the past
decades. Melville and Bray (1979) investigated the gas–
solid two-phase jet flows and presented a simple model to
characterize them. To predict the particle dispersion in par-
ticle-laden flows, Crowe et al. (1985, 1988) first proposed
the use of the particle Stokes number which is the ratio
of the particle aerodynamics response time to the time scale
associated with the large-scale organized vortex structures
in the free shear flows. They found that the particles with
the smaller and the larger Stokes numbers have the uni-
form concentration distribution in the flow field, but the
particles with the intermediate Stokes number of the order
of unity concentrate in the outer boundary regions of the
large-scale vortex structures with highest diffusivity. There-
after, there are many related studies that obtain the similar
conclusions (Longmire, 1994; Wicker and Eaton, 2001;
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Uchiyama and Naruseb, 2003; Luo et al., 2006). Hardalu-
pas et al. (1989) investigated the velocity and particle flux
characteristics of a turbulent particle-laden jet and found
the mass mixture ratio has a little effect on the particle con-
centration distribution. The dispersion of non-evaporating
droplet in a round jet was studied experimentally by Long-
mire and Eaton (1992). They found that particles of Stokes
number which is between 1 and 10 concentrate largely in
the high-strain-rate and low-vorticity regions. This non-
uniform particle distribution is known as‘‘preferential con-
centration” which was also observed by Eaton and Fessler
(1994). Yuu et al. (1996) performed direct simulation of a
gas-particle turbulent free jet with a low Reynolds number.
They obtained relatively good agreement with their LDA
experimental data.

All the above-mentioned simulations are based on the
assumptions of dilute flow and the inter-particle collisions
are neglected. But some studies showed that the inter-par-
ticle collisions may play an important role in the dilute
two-phase turbulent flows. Tanaka and Tsuji (1991) simu-
lated the gas–solid two-phase flow in a vertical pipe with
accounting for inter-particle collision. They described
inter-particle collision using the hard-sphere model with
inter-particle collision calculated by a deterministic method
and found that the inter-particle collision has large effect
on the diffusion of particles even in dilute conditions in
which particle volume fraction is O(10�4). Sommerfeld
and Zivkovic (1992) considered the inter-particle collision
in dilute phase pneumatic conveying through pipe systems
by applying a stochastic collision model. They revealed
that inter-particle collision plays a non-negligible role even
at low overall mass loading for the development of the par-
ticle concentration profiles. Oesterlé and Petitjean (1993)
and Sommerfeld (1995) performed respectively the simula-
tion of gas–solid flow in a horizontal pipe and channel and
demonstrated the importance of inter-particle collisions.
Thereafter, many researchers presented the similar conclu-
sions (e.g., Lun and Liu, 1997; Sakiz and Simonin, 2001;
Sommerfeld, 2003). Besides, there is some work on colli-
sion frequency in homogeneous isotropic turbulence. Sun-
daram and Collins (1997) performed one-way coupled
DNS of isotropic particle-laden turbulent suspension to
study the collision frequency. They found the collision fre-
quency involves a complex interplay of the particle concen-
tration and mechanisms responsible for relative motion
between the particles. Wang et al. (1998a,b) performed
numerical experiments to study the geometric collision rate
of finite-size particles in isotropic turbulence and compared
their results with theoretical predictions by Saffman and
Turner (1956) and by Abrahamson (1975). It was found
that although in very different manners, both the large-
scale and small-scale fluid motion can contribute to the col-
lision rate. Sommerfeld (2001) applied the stochastic colli-
sion model for inter-particle collisions in homogeneous
isotropic turbulence and obtained consistent results.

Although there are some studies on the inter-particle
collision in the homogeneous isotropic turbulence and the
flows in pipes and channels, there is not the study of
inter-particle collision in the spatially-developing turbulent
jet to the authors’ knowledge. In this study, we combine the
DNS method and the hard-sphere model to study the inter-
particle collisions for particles at different Stokes numbers
in a three-dimensional spatially evolving plane jet. The
main objective is twofold. Firstly, to reveal the characteris-
tics of inter-particle collision for particles at different
Stokes numbers. Secondly, to investigate the effects of the
inter-particle collision on the particle dispersion and pro-
vide references for the application in related industries.

2. Mathematical descriptions

2.1. Flow configuration and boundary conditions

Fig. 1 shows the flow configuration of a three-dimen-
sional gas–solid two-phase turbulent plane jet. The fluid
is injected into the domain through the whole slot nozzle,
but the particles are just injected through a square region
located in the center of the slot with side length d. The fluid
Reynolds number based on inflow velocity U0 and nozzle
width d is 3000. To include the largest vortex structures
in the simulations, the length of the calculation region in
the streamwise(x) and spanwise(z) directions 20d and 6.4d

in the lateral direction(y). Initially, a shear layer with the
velocity profile in the region with the nozzle width d at
the inlet boundary is calculated according to the following
typical top-hat shape velocity profile (Klein et al., 2003a,b):

u ¼ U 0

2
þ U 0

2
tanh

y
2h0

� �
v ¼ 0

w ¼ 0

ð1Þ

in which U0 is the initial streamwise inflow velocity, h0 is
the initial momentum thickness selected as 0.05d. u, v and
w are, respectively, the streamwise, lateral and spanwise
velocities. Outside the region of the nozzle width d, all
the fluid velocities are set as zero. At the streamwise out-
flow boundary, Neumann boundary conditions for velocity
and pressure are used and the pressure is also corrected. At
the lateral boundaries, the pressure is set as zero. In the
spanwise direction, the periodic boundary conditions are
applied.

2.2. Fluid motion

To calculate the fluid flow, direct numerical simulation
(DNS) was performed. The gas phase is regarded as an
ideal, Newtonian fluid. And, two-way coupling effects are
not considered in this study, which is a valid approach to
analyse solely the inter-particle collision behaviour and to
evaluate the effects of inter-particle collisions. The same
model was used by Tanaka and Tsuji (1991) and Sommer-
feld (2003). We will take into account two-way coupling
between the fluid and particle phase in the future work.



Fig. 1. Flow configure of the three-dimensional gas–solid two-phase turbulent jet.
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When the body force is not included, the flow field can be
calculated according to the following non-dimensional gov-
erning equations:

Continuum equation :
oui

oxi
¼ 0 ð2Þ

Momentum equation :
oui

ot
þ ouiuj

oxj

¼ � 1

q
op
oxi
þ 1

Re
o

oxj

oui

oxj
þ ouj

oxi

� �
ð3Þ

in which, ui, uj and p are non-dimensional velocity and
pressure; q is the density of the fluid; Re is the fluid Rey-
nolds number given by Re = U0

*d/m, where U0 is inflow
velocity, d is nozzle width and m is kinematic viscosity of
fluid. And U0 and d are the characteristic velocity and
length scales, respectively. The reference density is the den-
sity of the air under the normal temperature and pressure.

The general requirements to simulate the turbulence
using DNS are that the numerical techniques can provide
the high accuracy in both space and time and can also solve
the full N–S equations efficiently. The above governing
equations are solved by the finite volume method and the
fractional-step projection technique (Chorin, 1968). In the
streamwise and spanwise directions, the uniform staggered
grids are used; in the lateral direction, the uniform stag-
gered grids are set in the region of �2.25d < y < 2.25d, out-
side this area the grids are stretched. The total grid points
200 � 64 � 128 are used along x, y and z directions. Cen-
tral differences are used for the spatial discretization to
ensure the second-order precision of the solutions in space
and a low-storage, third-order Runge–Kutta scheme is
applied for time integration. The Poisson equation for
pressure is solved using a direct fast elliptic method. For
detailed numerical strategies, please refer to references
(Klein et al., 2003a,b).
2.3. Particle motion

In the present work, the calculation of particle motion is
divided into two progresses by using the uncoupling tech-
nique developed by Bird (1976). Firstly, the inter-particle
collision is not to be considered at first and the motions
of all particles are calculated by the governing equations
mentioned later. Secondly, the occurrence of inter-particle
collisions during the first step is examined for all particles.
If a particle is found to collide with another particle, the
motion of the collision pair is re-calculated using the
post-collision velocities and their position is assumed to
be changeless.

2.3.1. Particle motion without collision

To focus on the inter-particle collision and its effect on
the particle dispersion, the influence of particles on fluid
is neglected. All individual real particles are tracked in
the Lagrangian framework based on one-way coupling.
Due to the material density of particles is far larger than
the density of the fluid, the minor force terms such as the
virtual mass, the buoyancy, the Basset and the Magnus
forces can be neglected (Stock, 1996; Vojir and Michae-
lides, 1994). Considering only the Stokes drag, the non-
dimensional governing equations for determining the parti-
cle momentum and position are, respectively,

dup

dt
¼ f

St
ðuf � upÞ ð4Þ

dx

dt
¼ up ð5Þ

where up is the particle velocity vector and uf is the fluid
velocity vector at the position of the particle. fis the mod-
ified factor for the Stokes drag force, which can be de-
scribed by f ¼ 1þ 0:15Re0:687

p when Rep 6 1000 (Clift
et al., 1978). The particle Reynolds number Re-

p = |uf � up|dp/m (dp is particle diameter, m is kinematic vis-
cosity of fluid). The particle Stokes number St is defined as

St ¼ qpd2
p=ð18lÞ

d=U0
(qp is the density of the particle, l is the fluid

dynamics viscosity). The velocity and position of the parti-
cle can be obtained by integrating Eqs. (4) and (5). The
fluid velocity at the position of particle is obtained by using
the third-order Lagrangian interpolating polynomials.

2.3.2. Inter-particle collision

In the simulation, the numerical algorithm of inter-par-
ticle collision is a key issue, because it greatly affects the
whole computation time. Considering the particle number
density is so low in the present work that a statistical



Fig. 2. Sketch of the 27 neighborhood cells.

Fig. 3. Sketch of the relative motion between two particles.

726 J. Yan et al. / International Journal of Multiphase Flow 34 (2008) 723–733
method to represent the inter-particle collision (Yonemura
et al., 1993) is not appropriate, so we use the deterministic
hard-sphere model (Tanaka and Tsuji, 1991). This model is
based on the following ideas: (a) particles are rigid spheres
(i.e. any persistent particle deformation during a collision is
absent); (b) particles can interact each other only through
binary collisions because particle concentration is suffi-
ciently low that binary collisions are overwhelming; (c)
inter-particle collisions are considered as instantaneous
inelastic ones.

It should be noted that the foundation stone of the hard-
sphere model is the law of conservation of momentum.
This approach for treatment of inter-particle collision is
based on kinematics, in which what would arise during col-
lision processes is not considered in detail. Instead, this
model focuses on what have changed after the collisions.
Thus, the solution for the collision is carried out based
on just a figure of geometrical relative displacements and
any other kinetic relative parameters, like apparent mass,
are not considered. Moreover, energy loss during the colli-
sion process is taken into account by the coefficient of res-
titution e which is included by this model. The model
applied for the present study is appropriate, because the
particle concentration is very low and the collision process
is instantaneous, the particles are viewed as rigid ones and
the occurrence of many-body collision is scarce, which is
validated by Tanaka and Tsuji (1991) and Yamamoto
et al. (2001). The main procedures are as follows.

2.3.2.1. Grid index method. There are Np particles in the
computational domain, and each individual particle may
collide with any other particle theoretically. Then identifi-
cation of particle collisions requires examining
Np(Np � 1)/2 particle pairs, therefore, it is terribly ineffi-
cient to go through the entire list of particles in order to
identify colliding particles of a given particle. Moreover,
the time step Dt in the present numerical algorithm is so
small that each particle can only collide with neighboring
particles during one time step. Consequently, we can exam-
ine a reduced subset of possible colliding particles and
improve the computing efficiency by using optimum grid-
index method. The specific method is as follows: in the
computational domain a uniform grid spacing with the
side-length of the grids in three directions li(i = 1, 2,
3)P ui

p maxDt is used, where ui
p max is the maximum com-

ponent in three directions of the particle velocity. This sug-
gests the potential collision particles for a given particle in
any grid are found in the neighborhood comprising that
grid and the 26 grids that surround the central grid
ABCD–EFGH, as shown in Fig. 2. More details can be
found in the literature (Sundaram and Collins, 1996).

2.3.2.2. Collision detection. Now let us identify whether
inter-particle collision occurs during one time step Dt. Each
particle is assumed to move with a constant velocity during
this time step. Fig. 3 shows the relative motion particle j to i

when they collide, where rR0 is the relative position vector
at time t and rRDt is the relative position vector after Dt.
The relative position vector of the collision point between
the two particles is given by rRc = rR0 + k(rRDt � rR0),
where k represents a time scale factor. Inter-particle colli-
sion has occurred during this time step when the following
equation for k has two real roots k1 and k2(k1 < k2,
0 6 k1 < 1):

jrR0 þ kðrRDt � rR0Þj2 ¼ d2
p ð6Þ

where |rR0 + k(rRDt � rR0)| is the relative distance between
the two particles. The potential inter-particle collisions
mentioned above are located by evaluating the roots of
Eq. (6).

When inter-particle collision occurs, the post-collision
velocities u0p of the two particles i and j can be obtained
according to the equations of impulsive motion:

u0pi ¼ upi þ J=mp ð7Þ
u0pj ¼ upj � J=mp ð8Þ

In the above equations, upi and upj are the pre-collision
velocities of the two particles i and j, mp is the particle
mass, J is the impulsive force exerted on particle i. Based
on the above assumptions, J can be expressed from (Tana-
ka and Tsuji, 1991):
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J ¼ J nnþ J tt ð9Þ
J n ¼ ð1þ eÞMc � n ð10Þ

J t ¼ min �lf J n;
2

7
M jcfcj

� �
ð11Þ
Jnn and Jtt are the normal and the tangential components
of the impulsive force J. n is the normal unit vector of
the relative position vector of the collision point between
the two particles, t is the tangential unit vector in the direc-
tion of the relative velocity of the particle j to i, e is the
coefficient of restitution (e = 0.9 in present work),
M = mp/2 for inter-particle collision and lf is the coeffi-
cient of friction. The pre-collision relative velocity of the
particle j to i is given c = upj � upi � cfc is the tangential
component of the pre-collision relative velocity c.

The motion of particles of the collision pair in the time
step Dt is re-calculated using the post-collision velocities
which are obtained by Eqs. (7) and (8).

To study the dependence of the inter-particle collision
on the particle size, eight kinds of particles at the Stokes
number of 0.01, 0.1, 0.5, 1, 5, 8, 10 and 100 are traced. Fur-
thermore, the particle cluster, whose size distribution is
corresponding with Rosin–Rammler distribution function
Fig. 4. Spatial distribution of inter-particle collision for particles at differen
(c) St = 0.1, (d) St = 1, (e) St = 10, (f) St = 100.
(Macı́as-Garcı́a et al., 2004; Giuliano et al., 2007), is also
chosen as tracers to demonstrate the collision among parti-
cles with different sizes. For each case, 462 particles are
injected into the flow-field every six time intervals. Initially,
the particles are distributed uniformly in the nozzle and the
velocity equal to the velocity of the local fluid.
3. Numerical results and discussions

3.1. Spatial distribution of the inter-particle collisions

Fig. 4 shows the spatial distribution of the inter-particle
collisions at the Stokes number of 0.01, 0.1, 1, 10 and 100
in the flow field at the non-dimensional time t = 42, as well
as the distributions of particles. In the figure, the red points
represent the particles and the little green spheres represent
the positions of inter-particle collisions. To observe the
vortex structures interacting with the dispersed phase, the
corresponding three-dimensional lateral vorticity are also
shown in Fig. 4a. By comparison, the effects on dispersion
of the particles having different Stokes number by vortex
structures can be observed in detail. A brief summary of
the particle dispersion patterns is provided here to explain
t Stokes numbers at the time t = 42. (a) Lateral vorticity, (b) St = 0.01,



Fig. 5. Spatial distribution of vorticities and inter-particle collision for
particles at the Stokes number of 10 at different times. (a) t = 18,
(b) t = 26, (c) t = 34, (d) t = 50, and (e) t = 74.
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the spatial distribution of the inter-particle collisions. How-
ever, the interested reader is referred to Luo et al. (2006)
for additional details. At time t = 42, due to the coexistence
of various vortex structures with different time scales and
space scales in the flow field, the particle dispersion exhibits
selective characteristic, i.e. the local particle concentration
correlates well with the ratio of the aerodynamic response
time of particles to the characteristic time of the local vor-
tex structures. So, the particles having different Stokes
number concentrate in different places (Chung and Troutt,
1988; Uchiyama and Naruseb, 2003). For particles having
St = 0.01, because of the smaller aerodynamic response
time scale, they can response quickly to fluid motion and
are distributed uniformly in the flow field. Some particles
can even disperse into the vortex core regions and form a
similar uniform distribution to the vortex structures. This
dispersion is consistent with the results of previous studies
by Fan et al. (2004). Therefore, the phenomenon of inter-
particle collisions for this kind of particles is not very obvi-
ous, as shown in Fig. 4b. The particles at the Stokes num-
ber of 0.1 can not disperse into the core regions any longer,
most particles also distribute uniformly, but part of them
concentrates in the inner boundaries of the large-scale
structures. The inter-particle collisions are obvious in these
regions, as shown in Fig. 4c. For St = 1, the particles con-
centrate largely in the outer boundaries of the large-scale
vortex structures. In these regions where the local-focusing
phenomenon happens, the inter-particle collisions can be
found, as shown in Fig. 4d. Most particles at Stokes num-
ber of 10 move downstream through the vortex structures,
and part of them disperses towards the upper and lower
sides with some angle. So the inter-particle collisions not
only happen in the center regions of the jet but also in both
sides of the dispersion, as shown in Fig. 4e. When the
Stokes number reaches 100, the particles are influenced less
by the vortex structures and most particles directly move
through the center regions of the jet towards down stream
with nearly rectilinear paths. Consequently, the inter-parti-
cle collision positions are mainly in the center regions of
the jet, as shown in Fig. 4f.

Fig. 5 shows the spatial distribution of collisions for par-
ticles at the Stokes number of 10 in the flow field at differ-
ent times. Also, the corresponding three-dimensional
lateral vorticities are shown to observe the vortex struc-
tures interacting with the dispersed phase. In the initial
stage of the jet, due to the larger inertia, this kind of parti-
cles has not responded rapidly to the fluid motion and the
lateral dispersion is small with local concentration regions.
In these regions, the inter-particle collisions are prominent,
as shown in Fig. 5a. The large-scale vortex structures are
dominant at the non-dimensional time t = 26 and 34. The
lateral dispersion of the particles can be observed in the
down stream of the jet, some particles disperse towards
the upper and lower sides with some angle. In this case,
besides in the center regions of the jet, the local inter-par-
ticle collisions happen in both sides of dispersion, as shown
in Fig. 5b and c. With the transition of the vortex struc-
tures from large-scale to small scale in the flow field, the
particles move towards down stream at higher speed and
form the considerable ellipse profile. However, the number
of particles which disperse towards two sides is less and
most particles move downstream through the vortex core
regions. The reason is that the characteristic time scale of
the particles is substantially larger than that of the vortex
structures during the turbulence transition. Then, the par-
ticles are influenced less and less by vortex structures. As
a result, the inter-particle collision positions are mainly in
the center regions of the jet, as shown in Fig. 5d and e.
These results suggest that the phenomenon of the inter-par-
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ticle collision correlates well with the dispersion patterns of
particles and the local particle concentration. Though the
average concentration of the particles is lower in whole
flow field, the inter-particle collisions are remarkable in
the regions of local higher particle concentration.

3.2. Collision number

To further quantitatively investigate the effect on the
inter-particle collision by the particle Stokes number, an
important parameter, the average inter-particle collision
number and its variation with the Stokes number is
depicted in Fig. 6. Here the average inter-particle collision
number is defined by N a ¼ N

Dt, where N is the total collision
number during the time step Dt. It is clear that the average
inter-particle collision number is not the simple linear rela-
tionship with the Stokes number. At St = 0.1, the average
inter-particle collision number reaches a local peak value.
After this, the average inter-particle collision number
decreases and then turns to increase gradually with the
increasing of the Stokes number. This complex behaviour
is related to two foundational factors, both of which cause
the intersection of particle trajectories and the occurrence
of inter-particle collision: (i) particles tend to collect in
regions of low vorticity leading to the changes of the local
particle concentration and (ii) particle inertia affects the rel-
ative motion between neighboring particles thus altering
their relative velocity. In this paper, the influence of both
factors on the inter-particle collision is, respectively,
termed the accumulation effect and the turbulent transport
effect, followed Wang et al. (2000). Both of these effects will
be presented.

As mentioned previously, the dispersion of particles
having different Stokes number exhibits selective character-
istic. In general, particles tend to assemble in the low-vor-
ticity and high-strain regions (Chung and Troutt, 1988;
Uchiyama and Naruseb, 2003; Fan et al., 2004; Luo
et al., 2006). Particles with moderate Stokes number com-
pared to the larger Stokes number are more susceptible
to accumulation. Hence, they spend more time in the local
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Fig. 6. Variation of the average inter-particle collision number with the
Stokes number.
regions of accumulation. For these particles, the inter-par-
ticle collision is mainly determined by the local accumula-
tion effect and the relative motion between them is of
second importance. Especially, the particles having
St = 0.1 are more susceptible to accumulation due to the
aerodynamics response time scale of them may be in the
same order of the characteristic time scale of small-scale
vortex structures and are driven predominantly by the
small-scale vortex structures. The effect due to the local
accumulation (i.e. the preferential concentration effect)
reaches a maximum for the particles having St = 0.1 with
the transition of vortex structures from large-scale to small
scale, and thus, the local concentration of particles
increases significantly with the development of jet and the
inter-particle collisions are remarkable in these regions of
local higher particle concentration. As a result, the average
inter-particle collision number reaches a local peak value at
St = 0.1. For St = 1, the aerodynamics response time scale
of particles is close to the characteristic time scale of large-
scale vortex structures. So the local concentration effect
occurs only in the initial stage of the jet (a shorter time),
when the large-scale vortex structures are in dominant.
But with development of the flow field, the preferential
concentration of the particles having St = 1 does not occur
prominently and the concentration distribution of the par-
ticles also becomes uniform when large-scale structures
change to small-scale. Consequently, the average inter-par-
ticle collision number in the whole stage of jet becomes
small. However, the particles with larger Stokes numbers
(e.g. St > 5) are influenced less and less by the fluid and
unable to follow the fluid motion due to the larger inertia.
They tend to collide more frequently because their inertia
keeps them moving towards each other despite drag. In
other words, the effect due to the local accumulation
decreases for particles with larger Stokes numbers, and
the turbulent transport effect starts to be the dominant fac-
tor contributing to the occurrence of inter-particle colli-
sion. Additionally, most of the particles having St = 5 or
more directly move through the center regions of the jet
towards down stream with small dispersion and thus the
distance between particles decrease, which can easily cause
the intersection of particle trajectories and thus causes the
occurrence of inter-particle collision. Therefore, these par-
ticles collision number increases evidently.

To investigate the evolution of the inter-particle colli-
sion with time, Fig. 7 shows the time history of the collision
number and maximum particle number in the cell for typ-
ical particles at different Stokes numbers. The large-scale
vortex structures are dominant in the early stage of the
jet, the maximum particle number for each kind of particles
in the cell increases linearly with t. So the inter-particle col-
lision number also increases linearly with time during this
period. After that, because the large particles for St = 10
and 100 are influenced less by the fluid, most particles move
towards down stream with higher velocity. Along with this
trend, the inter-particle collision number in the flow field
also changes with the same patterns. But for the particles
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Fig. 7. Time history of the collision number and maximum particle
number in the cell for particles at different Stokes numbers. (a) Maximum
particle number in the cell; (b) collision number in the flow field.
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with St = 0.01, 0.1 and 1, their dispersion are influenced
greatly by the vortex structures. Due to the coexistence of
various vortex structures with different time scales and
space scales in the down stream of the jet, these particles
adjust their dispersion patterns to exhibit selective disper-
sion characteristic. Then the preferential concentration
effect occurs and the distribution of particles becomes
non-uniform. Consequently, the maximum particle number
in the cell for these particles is obviously fluctuant and
reaches several evident peak values during the period of
time t = 200–300, as shown in Fig. 7a. The collision num-
ber for these particles in the flow field also displays the cor-
responding variation. It is also found from Fig. 7 that
though the concentration of particles with Stokes number
of 100 in the cell is lower and fluctuant with little change,
its collision number is higher. One explanation is the dis-
persion of large particles is lower and the relative motions
of these particles become relatively significant due to the
influence of large-scale energetic eddies, the turbulent
transport effect is the dominant factor leading to the higher
inter-particle collision number. This is in agreement with
the conclusion showed in Fig. 6.

3.3. Effect of collision on particle dispersion

We regarded particles at Stokes number of 10 as repre-
sentatives to quantitatively examine the effects of inter-par-
ticle collision. Cases with and without collision were
calculated. The root mean square function of particle num-
ber per cell Nrms(t), the ratio of the particle number which
is greater than 2 in single cell to the total particle number a
are defined as

N rmsðtÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPnt
i¼1niðtÞ2

nt

s
ð12Þ

a ¼
XnðNÞ
i¼1

N=NðtÞðN > 2Þ ð13Þ

where nt is the total number of computational cells in the sta-
tistical domain, ni(t) is the number of particles in the ith cell
at the same time. N is the number of particles in certain cell,
n(N) is the number of cells with the particle number N, N(t) is
the total number of particles in the flow field at the time t.
The function Nrms(t) can reflect the non-uniform of particle
distribution in the flow field; the value of a can also reflect
concentration distribution characteristics of particles.

To facilitate a comparison in later section, the develop-
ments of the root mean square function of particle number
per cell and a with time for particles at the Stokes number
of 10 are presented in Figs. 10 and 11 (in Section 3.4),
respectively. The inter-particle collisions affect the profiles,
i.e. the calculated results with inter-particle collisions are
smaller than those without collisions. This indicates the dis-
tribution of particles in the flow field and in the cell
becomes more uniform due to inter-particle collision. Espe-
cially in the initial stage of the jet, the concentration distri-
bution of particles is the most non-uniform, and the inter-
particle collision occurs very frequently due to the influence
of the local accumulation and the turbulent transport
effects. Consequently, the effect of the collisions on the sta-
tistic results is more obvious in the period of time t = 20–
50, as shown in Fig. 10. The reason is that inter-particle
collision causes the changes of the position and instanta-
neous velocity of particles and leads to more uniform par-
ticle distribution in the flow field.
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Fig. 9. Comparison of collision number for the particles according to the
Rosin–Rammler distribution (d50 = 36.7 lm) and the particles at Stokes
number of 10.

t
0 100 200 300 400

0.3

0.4

0.5

0.6

0.7

with collision,different sizes
no collision,different sizes
St=10 (with collision)
St=10 (no collision)

N
rm

s
(t

)

Fig. 10. Development of the root mean square function of particle
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3.4. Inter-particle collision with different Stokes numbers

In the above investigation, the inter-particle collision
with the same Stokes number in each case was shown. In
this section, the inter-particle collision is studied for the
particle cluster with different Stokes numbers, that is, each
of the particle may be a different size. Particle-size distribu-
tion is given by applying the most common Rosin–Ramm-
ler distribution function, which is expressed as

F ðdÞ ¼ 1� exp � d
d50

� �m� �
ð14Þ

where F(d) is the distribution function, d is the particle size,
d50 is the particle size corresponding with F(d50) = 0.5,
namely the medial particle size, and m is a measure of
the spread of particle sizes. Here d50 and m are the adjust-
able parameters for different characteristics of the distribu-
tion. In this section, the particles with the size distribution
demonstrated in Fig. 8 as weight percent amount in each
size are traced. Here d50 = 36.7 lm, corresponding to the
particles at the Stokes number of 10.

Fig. 9 shows the comparison of collision number for the
particles with the Rosin–Rammler distribution
(d50 = 36.7 lm) and the particles at the Stokes number of
10. It can be seen that both the variations of the collision
number with time are basically the same, but the average
collision number of the particles with the Rosin–Rammler
distribution is significantly larger than that of the particles
at the Stokes number of 10. This is because the particles
with different sizes have different velocities, which easily
cause the intersection of particle trajectories and make
the particles to collide frequently.

The effects of inter-particle collision on particle distribu-
tion for these particles with different sizes are also investi-
gated. Figs. 10 and 11 show the development of the root
mean square function of particle number per cell and a
with time separately. The inter-particle collision affects
these profiles and the calculated results considering inter-
particle collision are remarkably smaller than those with-
out at the same time. This indicates that inter-particle col-
lision makes the distribution of particles in the flow field
become more uniform. These results are in good agreement
with those corresponding to the particles having St = 10.
Furthermore, the effects of inter-particle collision on the
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Fig. 8. Particle size distribution according to the Rosin–Rammler
distribution function.
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statistic results in the case of particles with different Stokes
numbers becomes more significant compared with the
effects of that in the case of particles at the Stokes number
of 10. It is mainly associated with the more frequent inter-
particle collision when a particle size distribution is
applied. Because the velocities and trajectories of particles
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are various when there is a size distribution, small particles
are more likely to collide with big particles than particles
having the same size. As a result, the inter-particle collision
is easier to happen for these particles having the different
sizes.

Moreover, in order to quantitatively examine the effects
of inter-particle collision on dispersion characteristics of
particles along the lateral and the spanwise directions when
there is a size distribution, the lateral dispersion function
and the spanwise dispersion function are defined as

DyðtÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXNðtÞ
i¼1

ðyiðtÞ � yi0Þ
2

vuut =NðtÞ ð15Þ

DzðtÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXNðtÞ
i¼1

ðziðtÞ � zi0Þ2
vuut =NðtÞ ð16Þ

where N(t) is the total number of particles in the flow field
at the time t. yi(t) and zi(t) are, respectively, the lateral and
spanwise displacements of the ith particle. and zi0 are the
initial displacements of the ith particle when it is injected
into the jet. The lateral dispersion function Dy(t) and the
t
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Fig. 12. Time history of the lateral dispersion function for the particles
with different Stokes numbers.
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Fig. 13. Time history of the spanwise dispersion function for the particles
with different Stokes numbers.
spanwise dispersion function Dz(t) denote the dispersion le-
vel of particles along the lateral and spanwise direction
deviated from the center of jet, respectively.

Figs. 12 and 13 show the time history of the lateral and
spanwise dispersion function for particles having the differ-
ent sizes. The values of the lateral and spanwise dispersion
functions with inter-particle collision are both greater than
those without. This demonstrates the lateral and the span-
wise dispersion of the particles increase due to the effect of
inter-particle collision in general. This agrees with the con-
clusions mentioned above that inter-particle collision
makes the distribution of particles become more uniform
in the flow field.
4. Conclusions

In summary, a detailed study of the inter-particle col-
lision and its effects on the particle dispersion in a three-
dimensional spatially evolving plane jet was presented
based on direct numerical simulation and the determinis-
tic hard-sphere model. The spatial distribution of instan-
taneous inter-particle collision for particles at the
different Stokes numbers and the development of inter-
particle collision number with the Stokes number and
time were visualized. It is found that the occurrence of
the inter-particle collision correlates well with the local
particle concentration, though the average concentration
of the particles is lower in the whole flow field. The rela-
tion between the average inter-particle collision number
and the Stokes number is not the simple linear, but
has a local maximum. First, the average inter-particle
collision number increases to a local peak value, then
turn to decline, and finally increases again gradually with
the increasing of Stokes number. For particles at the
same Stokes number, the variation of the collision num-
ber with time in the flow field is basically accordant with
that of the maximum particle number in the cell with
time.

Due to the effect of inter-particle collision, the particle
distribution is more uniform and the lateral and the span-
wise dispersion of the particles also are enhanced. For the
particles according to the Rosin–Rammler distribution (the
medial particle size is set d50 = 36.7 lm, corresponding to
the particles at the Stokes number of 10), their collision
number is significantly larger than that of the particles at
the Stokes number of 10, and their effects on the statistical
results are also more significant. According to the above
conclusions, the inter-particle collision cannot be neglected
even in the dilute turbulent jet.
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